We investigate the stability to nonaxisymmetric perturbations of an accretion disc in which a poloidal magnetic eld provides part of the radial support against gravity. Interchange instability due to radial gradients in the magnetic eld are strongly stabilized by the shear ow in the disc. For smooth eld distributions this instability is restricted to discs in which the magnetic energy is comparable to the gravitational energy. An incompressible model for the instability akin to the Boussinesq approximation for convection is given which predicts the behaviour of the instability accurately. Global axisymmetric disturbances are also considered and found to be stable for a certain class of models. The results indicate that accretion discs may be able to support poloidal elds which are strong enough to suppress other forms of magnetic instability. These strong and stable eld distributions are likely to be well suited for the magnetic acceleration of jets and winds.
INTRODUCTION
Magnetic elds in an accretion disc are advected with the accretion ow. The net poloidal ux ( ux passing through the disc) can not be changed by small scale processes inside the disc itself. This ux is`inherited' by the disc from the accreting matter. Compressed by the accretion ow, this ux can build up substantial eld strengths in the central regions. At least in the case of protostellar discs, the enviroment in which they form are known to be highly magnetic , and the question how, while forming a star, the accretion ow disposes of the`excess ux' of magnetic eld lines threading the disc is a classical problem in star formation (see the review by McKee et al. 1993) .
Depending on their strength and radial distribution, poloidal elds can be of the right strength and con guration to produce magnetically accelerated jets and winds (K onigl and Ruden 1993, Blandford 1992) . Acceleration of these ows works best in strong elds, while their degree of collimation is probably dependent on the radial distribution of the poloidal ux (cf. Spruit, 1994) . The strength of the eld is limited by the rate at which the eld di uses outward, either by some`turbulent' process (e.g. Van Ballegooijen, 1989) , or by microscopic processes (in the case of protostellar discs). Of particular interest is outward di usion due to instabilities driven by the magnetic eld itself, which is expected to become important especially at high eld strength. Such instabilities are expected, in the form of interchanges whenever the magnetic forces provide part of the support against gravity. In the same way as in solar prominences (Anzer 1969 , Priest 1982 , energy is gained in this case by exchange of the magnetized gas providing the support against the less strongly magnetized gas being supported. In this form of instability, neighboring eld lines with the plasma attached to them are interchanged, with little or no bending of the eld lines. For poloidal elds threading a disk, this means that the unstable displacements take place in the disk plane, with little dependence on the direction perpendicular to the plane. This interchange process is known to be quite e ective at transporting mass across eld lines in solar prominences, where it can be studied in detail (cf Priest 1982 , Schmieder 1989 . The process characteristically takes the form of small scale (local) interchanges. It has previously been studied in the context of rotating, magnetized stars by Pitts and Tayler (1985, and references therein) .
In the context of accretion discs, interchange instability has been studied by Spruit and Taam (1989, hereafter ST) , who concluded that uniform rotation has no e ect on the instability condition or the maximum growth rates (see also Lepeltier and Aly, 1995) . From this, they concluded that transfer of mass across eld lines may well be quite e ective in the magnetospheres of accreting neutron stars. These re-sults are not applicable to elds in accretion discs, since they hold for uniform rotation only, and do not take into account the strong shear of the ow in a disc. Shear is likely to have a strongly stabilizing e ect, since it distorts unstable displacements, on the short orbital time scale, into less rapidly growing ones.
In this paper, we study the e ect of shear on interchange instability. We rst point out the close analogy between this process and 2-dimensional convection, by showing that in an approximation akin to the incompressible (Boussinesq) approximation in convection, the two problems are mathematically identical. By integrating the full time dependent equations for linear disturbances in a local (shearing sheet) model we show that the instability behaves, in the short wavelength limit, as expected from an incompressible model. The e ect of shear turns out to be quite strong, such that the instability becomes important only when the magnetic support of the disc becomes comparable to gravity, or when the eld strength varies on a short radial length scale.
Other forms of instability of poloidal elds are known, in particular the rotating-shear ow instability studied in the context of discs by Balbus and Hawley (1991) . This instability is suppressed already when the eld strength is comparable to the gas pressure. An important conlcusion is therefore, that poloidal elds larger than this value are stable to both the Balbus-Hawley form and to interchanges, up to the point where the eld starts contributing signi cantly to the support of the disc. The strong poloidal elds that are optimal for the production of jets and winds may thus be a natural consequence of the concentration of elds by the accretion process.
A preliminary treatment of the present problem is reported in Lubow and Spruit (1995) .
EQUATIONS
In the thin disc limit, neither the gas pressure nor the magnetic pressure contributes, and only the magnetic curvature force appears in the equation of motion. Since to rst approximation the interchanges do not bend eld lines and are nearly parallel to the disk plane, we can take the ow eld u to be independent of height in the disk. As shown in ST, the MHD equations can then be reduced to two dimensions by integrating vertically across the disk. In the absence of viscous forces, these thin-disc MHD equations are, for motions in the disk plane: du dt = B]Bz where B] denotes the jump in the eld vector across the disc and g is the acceleration of gravity. The disc is assumed to be at and perpendicular to the z-axis and to remain so during perturbations. That is, we do not consider`buckling modes' or corrugation waves (for more general equations allowing for corrugations see ST). Due to the thin disc assumption, all structure inside the disc has disappeared from view, and the curvature force, integrated across the disc appears as the rst term on the RHS in (1). The continuity and induction eqs. (2,3) can be combined into:
(4) To complete the equations, a prescription is needed to determine the eld con guration above the disc from the values of the normal component Bz on the disc. We assume the eld above the disc to be a potential eld: B = r ; r 2 = 0; (5) with boundary conditions @z = Bz (z = 0); ! 0 (z ! 1): (6) In general, one would like to solve for a force-free eld above the disc, but this is a much more demanding problem. Instead, we assume here that the Alfv en speed above the disc is su ciently high that e cient reconnection to a nearly potential eld takes place (as is the case in the solar corona, for example).
Conceptually, the motions determined by the equation of motion carry the vertical component of the eld around by the induction equation (3); the potential eld problem (5) determines from Bz the horizontal components (Br; B ) at the disc surface. These components then determine the magnetic force in the equation of motion, thus closing the set of equations.
Analogy with 2-D hydrodynamics
The form of the equations has a certain similarity to the ordinary hydrodynamic equations in two dimensions. This is seen by noting that 
Equation (10) is identical to the Euler equation, with m playing the role of the gas density and f that of the gas pressure p. The form of the`pressure' f is very di erent from the ordinary hydrodynamic case, however. Whereas in hydrodynamics one can assume, say, a polytropic relation between p and or an ideal gas, f is related to m in a much more complicated way, involving eqs. (11), 3 and the solution of the potential problem (5). Hence the analogy with hydrodynamics is really close only if additional assumptions are made. The problem de ned by (1-3), (5) in general has compressive solutions (i.e. divu 6 = 0), mediated by the`pressure' f (ST, Tagger et al. 1990 ). The interchange instabilities studied in this paper, however, are basically incompressive in nature, and it turns out to be illuminating to describe them in an incompressible approximation which lters out the stable compressive waves. This can be done by taking the curl of (10) to eliminate f and adding the approximation divu = 0. In this way, the incompressible limit of the magnetic instability problem becomes equivalent to 2-dimensional (z-independent) Bousinesq convection. The incompressible limit is discussed further in section 3.2.
Linearized equations in disc geometry
We write equations (1, 3, 4) is the magnetic acceleration and g = GM=r 2 the gravity due to the central object. Due to the magnetic support, di ers from its Keplerian value. The shear rate in this equilibrium is 
Shearing sheet model
An approximate model for a di erentially rotating disc is the shearing sheet (Goldreich and Lynden-Bell, 1965 ). In this model local cartesian coordinates (x,y) in the radial and azimuthal directions are used around a point r = r0, in a frame rotating at the rate 0 = (r0), while the shear is approximated as constant, i.e. 
where the index 0 denotes evaluation at r = r0.
An approximation is needed to simplify the potential problem (5). As in ST, we use a short-wavelength approximation, in which the length scale of the perturbation is assumed to be small compared with the length scale of the background gradients. Thus, if the wavenumber is k = (kx; ky), the eld perturbation has the form B 0 (x;y; z;t) = b(t)exp(ikxx + ikyy kjzj); (25) where
We transform to a shearing coordinate frame x 0 = x, y 0 = y Sxt, z 0 = z, t 0 = t. Hence 
The wave vector is now time dependent due to the shearing coordinate frame:
which implies kx = 0 at t = 0. As long as S 6 = 0, other values of kx(0) are equivalent to a di ererent choice of the origin t = 0. In the uniformly rotating case S = 0, kx is a constant (generally nonzero) parameter. The terms involving in the equations of motion represent the restoring force due compression of the eld lines. Since this force is mediated by the external potential eld, through the curvature force rather than by the magnetic pressure, these terms depend in a di erent way on the wavenumber than the normal pressure terms. As a consequence, the phase speed of waves mediated by these curvature forces is proportional to k 1=2 .
By introducing shearing coordinates, we have removed the linear dependence of the shear ow on x, trading it in for an explicit time dependence of the equations. Since the waves we study are not exponentially growing, their detailed time dependence has to be taken into account anyway (cf. also the discussion in Ryu and Goodman, 1992) . Note that solutions of the form chosen (in shearing coordinates) require that the medium can be regarded as unbounded, or that periodic boundary conditions can be adopted in the direction of the shear (x-direction)
From now on, we drop the subscripts 0 on the quantities evaluated at r0. 
The parameters of the problem are thus Ky; a and s. The value of Kx(t) is xed, apart from an arbitrary zero point in time, by the evolution equation (35). In (44) we have introduced, for future reference, the magnetic buoyancy frequency Nm. It is the frequency of interchange displacements in the case of a stable magnetic gradient, analogous to the buoyancy frequency in a convectively stable strati cation.
For the shearing sheet model to be applicable, the wavelength of the unstable ow must be shorter than the length scale on which the unstable gradient is present, at least during the time that growth takes place. Thus we must require that
In terms of the dimensionless wavenumber K, this implies, approximately, K > jaj: (47) 3 SOLUTIONS 3.1 Uniform rotation
The uniformly rotating case has been studied before by ST (see also the discussion in Lubow and Spruit, 1995 
In the high wavenumber limit K 1, this simpli es to
The rst solution is a stable compressive wave, in which the restoring force is due to the perturbations in the curvature force. In terms of the dimensional quantities, the frequency of this wave, in the absence of rotation, is
(51) Since the restoring force is mediated by the potential eld outside the disc, the wave frequency has the dependence k 1=2 which is characteristic also of the very analogous case of selfgravitating discs. The second solution is the interchange mode, unstable when a < 0, with the growth rate maximizing for Ky Kx. It is stable for a > 0 with a behavior similar to internal gravity waves. For further discussion of the physics of these results, see ST. At wavenumbers K < 1, where the compressive wave frequency drops below the rotation frequency, rotation provides an additional restoring force in the compressive wave, and reduces the growth rate of the interchange mode without, however, changing the stability condition.
The incompressible limit
Like in the case of ordinary convection, interchange instability is described correctly, at large wavenumber, by the incompressible (Boussinesq) limit. As in the case of ordi- Hence Uy ! Kx=KyUx. We multiply (40) by Ky, (41) by Kx and subtract (thus e ectively taking the curl of the equation of motion). Using (52) and (43) 
If the length scale on which =Bz varies is of the order r, this means that the magnetic support of the disc must be comparable to the rotational support, before instability sets in. This implies that the magnetic energy of the system (disc plus external eld) must be comparable to the gravitational binding energy. Only if the eld strength varies with r on a smaller length scale does interchange instability take place at smaller eld strengths. For a disc with nite inner and outer radii, this condition also says that the intrinsic (nonrotating) instability time scale must be shorter than the shear time scale across the whole disc. It is probable that additional globally unstable modes would exist in such discs with boundaries. We conclude that the incompressible limit predicts algebraic growth of interchange modes but only if the magnetic eld is strong enough to start contributing to the radial support of the disc against gravity.
Numerical results
When the assumption of incompressibility is dropped, the full 4 th order system (40)-(43) must be integrated. Since the instability can be transient in the presence of shear, a growth rate or even an algebraic growth index is not necessarily a good measure of the e ects of the instability. The growth of a small disturbance can be limited to a nite time interval, but the ampli cation factor over this interval can be quite large. This happens, for example, in the nonaxisymmetric form of the instability studied by Balbus and Hawley (1991) .
For this reason, we measure the instability by the amplication factor of an initial disturbance over a nite interval in time. We determine this factor by integrating the linear equations (40-43) in time numerically. We start at t = 0 coresponding to Kx = 0 with the initial conditions Ux = 1; Uy = 0; = 0; F = 0: (60) In this way the perturbation starts as a purely incompressive (K U = 0) motion. Other choices yield a larger admixture of stable compressive waves, but very similar ampli cation factors, except at low ampli cation when the instability is rather marginal anyway. In Figure 1 the time development is shown, and compared with the incompressible limit discussed above. The incompressible results were obtained by integrating eq. (53) with the initial conditions Ux = 1; dUx=d = 0:
(61) These are the equivalent of (60) for the incompressible case. It is seen that the incompressible model is quite accurate when Ky is large enough that condition (47) for consistency of the shearing sheet approximation is satis ed at all t. The asymptotic behaviour is accurately reproduced even when (47) is not satis ed initially; this is because for large t, the value of K always becomes large enough that (47) holds. The comparison indicates additional, transient, growth around t = 0 for the smaller azimuthal wave numbers, in the compressible case. This may be a real e ect of compressibility (some form of`swing' ampli cation), but we can not establish this from the present model, since it happens only under conditions (K( ) < jaj) when the consistency condtion (47) is not satis ed.
We can conclude that the incompressible model seems to give the correct description of the instability whenever the wavenumber Ky is large enough that the shearing sheet model applies. Fig 2 shows the ampli cation factors after integration until t = 10, as functions of the driving parameter a = N 2 m = 2 , the shear rate s = S= , and the dimensionless azimuthal wavenumber Ky.
The ampli cation factor shows two di erent forms of instability. At large Ky we expect to nd interchange instability essentially in its incompressible form, as discussed in section 3.2. This is shown in Figure 3a , for Ky = 10. The ampli cation factor show a broad hump centred at uniform rotation, s = 0. Ampli cation factors obtained from integrating equation (53) which is valid for the incompressible limit are shown for comparison in Fig. 3b . The agreement is good, in particular the incompressible instability condition (58) appears to be valid.
While this part of the instability behaves as expected, the ampli cation factor shows an additional form of instability at low Ky. An example is shown in Fig. 4 , for Ky = 0:25. The growth appears to maximize at Ky = 0, the axisymmetric case. This is seen in Fig. 5 , which show the ampli cation factor as a function of wavenumber Ky and instability parameter a. 
The growth rate is of the order except close to marginal stability, and instability rst sets in at the lowest wavenumbers. The instability is therefore an intrinsically global one if it exists. This raises the question whether it can be treated (62) with (47) we see that the instability is excluded by condition (63) whenever the short wave approximation applies.
The last term in (63) is equal to ! 2 c , where !c is the frequency of the compressive wave of wave number kx de ned by (51). To see the physical interpretation of this term, consider the radial length scale Lm over which the destabilizing eld gradient exists (length scale of Nm). The prospective Figure 5 . Ampli cation factors after t = 5 for s = 3=2 unstable wave must still t into this length, for instability to occur, i.e. kx > 1=Lm. Condition (63) then says that for axisymmetric instability to occur the intrinsic (nonrotating) growth must be faster than both the epicyclic frequency and the time for a compressive wave to cross the region with the destabilizing eld gradient.
To study the long-wave form of instability properly, a more global form of stability analysis is needed. This is, in general, a cumbersome problem because of the nonlocal nature of the magnetic forces. A global result with which certain cases can be shown to be stable towards axisymmetric perturbations is given in the next section.
AXISYMMETRIC STABILITY
Analysis of the global stability problem is helped greatly by the indication, from the local analysis presented in the previous sections, that the low-wavenumber form of instability is essentially an axisymmetric one. This indicates that its mechanism, if it exists, must be simple. Assuming axisymmetry from the outset, the additional complication of transient instability due to shear disappears. We restrict ourselves to discs in which the polarity of Br does not depend on r. If the polarity of Bz is also constant, this means that the sign of the magnetic acceleration gm is constant, but it is not necessary to assume this.
The equation of motion (1) can be written (in an inertial frame) as du dt = J B g (64) where J(r; ) is the current integrated over the disc thickness, and g the gravity due to the central object. In the equilibrium state, this yields:
where the current is related to the radial eld component by:
and B + r is the radial eld at the top surface of the disc, as in section 2.3. Because B + r is of constant sign by assumption, and the stability of the eld is una ected by an overall change of sign of the eld, we can take the signs of B + r and J to be positive. Equation (65) 
which is positive and hence stabilizing. It corresponds to the restoring force that develops (via the potential eld above the disc) when the eld lines threading the disc are compressed together or expanded. For nonaxisymmetric perturbations, the energy expenditure in such compressions/expansions can be minimized by taking rotational displacements (i.e. interchanges), but this is not possible for axisymmetric perturbations. To nd a su cient condition for stability, we need to nd a su ciently large minimum value for (75). To do this, consider the variational problem of nding the minimum of de ned by 
Using the de nition of (71) 
The term in kx corresponds to the stabilizing magnetic energy term (second term) in (83). While the shearing sheet result suggests that the stabilizing e ect of the magnetic energy term can be removed by taking a su ciently low wave number, the result (83) shows that in fact this term has anite minimum value which can not be removed for any wave number.
As an example consider a disc in which the variables in the equilibrium state vary as powers of r, in such a way that Bz(r; z = 0) r :
The potential eld corresponding to this Bz has a radial component Br(r; z = 0) r (cf. Sakurai, 1987 
CONCLUSIONS AND DISCUSSION
A thin disc threaded by a poloidal eld which provides part of the support against gravity has two kinds of magnetic wave modes for motions in the plane of the disc. A compressive wave is present in which the restoring force is due to the potential eld outside the disc. It has been studied before by ST and Tagger et al. (1990) . A radial gradient in the eld strength introduces modes analogous to internal gravity waves. These can become unstable in a su ciently steep gradient in the eld strength, and then behave as expected from convective or magnetic interchange modes. We nd that these interchange instabilities in a shearing disc behave essentially as expected from an incompressible approximation (analogous to the Boussinesq approximation in convection) which becomes exact for short wavelengths.
At longer wavelengths, indications are found for a second form of instability. Its growth maximizes for axisymmetric perturbations. In all cases however, it appears only when the wavelengths are longer than allowed by the local (shearing sheet) approximation under which the results were obtained. This form of instability, discussed in some detail in Lubow and Spruit (1995) , is therefore possibly an artefact. A simple global stability bound derived in section 4 also suggests stability for axisymmetric perturbations. Better global stability calculations are needed to settle this issue however.
In previous work on uniformly rotating discs (ST), the instability was found to grow on the rather short magnetic time scale gm=r where gm is the radial acceleration due to the magnetic eld. The condition for instability was found to be that the surface density and magnetic eld strength The stabilizing e ect of the shear ow in the discs studied here turns out to be dramatic. We nd that signi cant growth of perturbations is possibe only if the growth rate in a corresponding system without shear is of the order of the dynamical time. The incompressible model gives, as the condition for signi cant growth of linear perturbations:
where S is the shear rate rd =dr. The instability happens on short length scales and has algebraic (power law) growth. For a disc with nite inner and outer radii, this condition also says that the intrinsic (nonrotating) instability time scale must be shorter than the shear time scale across the whole disc. It is probable that additional globally unstable modes would exist in such discs with boundaries.
Integrations without making the incompressible approximation agree closely with condition (88). If we assume S , denote the length scale on which =Bz varies by L, and the disc thickness by H, (88) can be written as v 2 A =c 2 s > L=H; or < H=L (89) where vA is the Alfv en speed in the disc, cs H the sound speed, and the plasma-beta. If =Bz varies smoothly, i.e. L r, instability requires the magnetic energy density inside the disc to exceed the geometric mean of the thermal and kinetic (orbital) energy densities. If the energy of the external magnetic eld is included, the condition is equivalent to the requirement that the magnetic energy of the system (disc plus eld) must be comparable to the orbital kinetic energy. This happens when the magnetic curvature force also provides a signi cant fraction of the support against gravity. If, on the other hand, the length scale of the unstable gradient is H (the smallest meaningful length scale for this gradient), instability requires vA > cs or < 1. This is just the condition at which instability of poloidal elds by the Velikhov-Chandrasekhar mechanism (Balbus and Hawley, 1991 ) stops operating. Thus it appears that there is a signi cant region in eld strengths, 1 < vA=cs < r=H, where smoothly varying elds are stable both to interchanges and Velikhov-Chandrasekhar-Balbus-Hawley type instabilities. Discs in which a poloidal magnetic eld provides part of the support against gravity are a natural consequence of star formation in a magnetic environment. An initially weak poloidal eld is concentrated by the accretion ow, and its energy density will eventually become a signi cant force opposing accretion, if the eld is frozen into the ow. In this case, the degree of support is limited by the tendency of magnetic elds towards interchange instability, which e ectively allows the eld to di use radially through the disk. Though ambipolar di usion also has this e ect, and may be able to leak elds out of the disc during most of its history, interchange of some form may well be the main mechanism limiting the advection of a poloidal eld in the hot inner regions of the disc. Our results indicate that quite strong poloidal elds may be expected in these regions. Since such elds are the main ingredient in the magnetic acceleration mechanism of jets and winds, our result lends support to the idea that strong poloidal elds are responsible for these ows.
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